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We develop the representation of bulk operators in AdS as smeared operators
on the complexified boundary. We treat general AdS in Poincare´ coordinates
and AdS3 in Rindler coordinates. This enables us to represent bulk operators
inside the horizon of a BTZ black hole. We verify that these operators give the
correct bulk two point functions, including the divergence when one point
hits the BTZ singularity. We comment on the holographic description of
black holes formed by collapse and discuss locality and the reduction in the
number of degrees of freedom at finite N .
1 Introduction
The AdS/CFT correspondence relates string theory in an asymptotically
anti-de Sitter (AdS) background to a conformal field theory (CFT) living on
the boundary of AdS [1, 2, 3, 4]. In the semiclassical limit of vanishing string
and Planck lengths it should be possible to recover local bulk physics from
the CFT. In this paper we study this in detail. We work in Lorentzian AdS
in the semiclassical limit and consider a free bulk scalar field φ. The field is
dual to a non-local operator in the CFT, via a correspondence
φ(x, Z)↔
∫
dx′K(x′|x, Z)O(x′) . (1)
Here Z is a radial coordinate in AdS which vanishes at the boundary, x
represents coordinates along the boundary, and O(x′) is a local operator in
the CFT. The kernel K is a smearing function which we will construct. This
correspondence can be used inside correlation functions, for example






1|x1, Z1)K(x′2|x2, Z2)〈O(x′1)O(x′2)〉CFT .
To construct smearing functions one begins with a field in Lorentzian
AdS that satisfies the free wave equation and has normalizable fall-off near
the boundary of AdS,
φ(x, Z) ∼ Z∆φ0(x) as Z → 0 .
The parameter ∆ is related to the mass of the field. The boundary field
φ0(x) is dual to a local operator in the CFT [5]
φ0(x)↔ O(x) . (2)
We will construct smearing functions that let us solve for the bulk field in
terms of the boundary field
φ(x, Z) =
∫
dx′K(x′|x, Z)φ0(x′) . (3)
K should not be confused with the standard bulk-to-boundary propaga-
tor [3], since our smearing functions generate normalizable solutions to the
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Lorentzian equations of motion. Using the duality (2), we obtain the relation
between bulk and boundary operators given in (1).1
This procedure has been studied in [6, 7, 8, 9, 10, 11, 12]. Solving for the
bulk field in terms of the boundary field is not a standard Cauchy problem:
since the “initial conditions” are specified on a timelike hypersurface we have
neither existence nor uniqueness theorems. In global AdS it was shown that,
although the smearing function is not unique, one can always construct a
smearing function which has support on the boundary at points which are
spacelike separated from the bulk point [11, 12]. However one would like to
make the property (2) manifest – that is, that local bulk operators become
dual to local boundary operators in the limit that the bulk point approaches
the boundary. This is not the case for the spacelike smearing functions
constructed in [11, 12].
Even more puzzling, one can attempt to construct a smearing function
using accelerating Rindler-like coordinates on AdS3. In this case it is exis-
tence that becomes problematic. One finds that the naive smearing function
is divergent and can only be defined by analytically continuing the boundary
coordinates to complex values [12]. This continuation leads to a well-defined
smearing function with compact support on the complexified boundary of
the Rindler patch; it can be thought of as arising from a retarded Green’s
function in de Sitter space. Moreover the support shrinks to a point as the
bulk point approaches the boundary. In this way we recover the expected
relation (2).
It thus seems the most natural description of local bulk physics in AdS/CFT
requires the use of complexified boundary coordinates. Complexified coordi-
nates also appeared in [13], and have been used to study the region inside
horizons in [14, 15, 16]. For other approaches to recovering bulk physics see
[17, 18, 19].
An outline of this paper is as follows. In section 2 we extend the work of
[12] and use complexified boundary coordinates to construct compact smear-
ing functions in AdS spacetimes of general dimension in two ways. First we
work in Poincare´ coordinates and perform a Poincare´ mode sum, then we
1 We should point out that the relation between φ and φ0 given in (3) is not by itself
a statement of holography. Holography further requires that φ0 be dual to an operator in
a unitary field theory on the boundary.
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Wick rotate to de Sitter space and use a retarded Green’s function. In sec-
tion 3 we translate our AdS3 results into Rindler coordinates and show that
we recover bulk correlators inside the Rindler horizon. In section 4 we argue
that the Rindler smearing functions can also be used in a BTZ spacetime
and we show how the BTZ singularity arises. We discuss in section 5 local
operators inside the horizon of an AdS black hole formed by collapse, where
there is only a single asymptotic AdS region. Finally in section 6 we explain
how the number of degrees of freedom is reduced at finite N , and show how
locality arises in the large N limit.
2 Poincare´ coordinates
In this section we construct a compact smearing function for a general-
dimensional AdS spacetime. We obtain the result in two ways: by performing
the Poincare´ mode sum in section 2.2, and by Wick rotating to de Sitter space
in section 2.3.
2.1 Preliminaries




(−dT 2 + |dX|2 + dZ2) . (4)
Here R is the AdS radius. The coordinates range over 0 < Z < ∞, −∞ <
T <∞, and X ∈ Rd−1 where d = D−1. An AdS-invariant distance function
is provided by
σ(T,X, Z|T ′, X ′, Z ′) = 1
2ZZ ′
(
Z2 + Z ′2 + |X −X ′|2 − (T − T ′)2) . (5)
We consider a free scalar field of mass m in this background. Normalizable
solutions to the free wave equation (− +m2)φ = 0 can be expanded in a







ω2 − k2Z) . (6)
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the conformal dimension of the corresponding operator.
In Poincare´ coordinates we define the boundary field by

















dTdd−1X eiωT e−ik·XφPoincare0 (T,X) . (8)
Substituting this back into the bulk mode expansion (6), we obtain an ex-
pression for the bulk field in terms of the boundary field, namely
φ(T,X, Z) =
∫
dT ′dd−1X ′K(T ′, X ′|T,X, Z)φPoincare0 (T ′, X ′) (9)
where










ω2 − k2Z)/(ω2 − k2)ν/2 . (10)
One could proceed to evaluate this integral representation for K along the
lines of [8, 11, 12]. However one generically obtains a smearing function with
support on the entire boundary of the Poincare´ patch.2 In the following we
will improve on this by constructing smearing functions that make manifest
the property that local bulk operators go over to local boundary operators
as the bulk point approaches the boundary.
Such smearing functions require complexifying the boundary spatial co-
ordinates X. We will establish this in two ways: in section 2.2, for fields in
AdS3, by starting with the mode sum (9) and performing a suitable analytic
continuation, and again in section 2.3, for fields in general dimensional AdS,
by Wick rotating to de Sitter space and using a retarded de Sitter Green’s
function.
2In even-dimensional AdS one can restrict to spacelike separation in the Poincare´ patch
[11, 12].
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2.2 Poincare´ mode sum


















The Poincare´ boundary field has no Fourier components with |ω| < |k|,
so provided we perform the T ′ and X ′ integrals first we can subsequently
integrate over ω and k without restriction. Thus










where φPoincare0 (ω, k) is the Fourier transform of the boundary field. We now
use the two integrals∫ 2π
0
dθ e−irω sin θ−kr cos θ = 2πJ0(r
√
ω2 − k2) (12)∫ 1
0










dT ′dY ′ (Z2−T ′2−Y ′2)ν−1e−iωT ′e−kY ′ .
(14)














′)φPoincare0 (ω, k) (15)
We identify the second line of (15) as φPoincare0 (T + T
′, X + iY ′), so we can












′, X+iY ′) .
(16)
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That is, we’ve succeeded in expressing the bulk field in terms of an integral
over a disk of radius Z in the (real T , imaginary X) plane. We can express






dT ′dY ′ lim
Z′→0
(
2Z ′σ(T,X, Z|T + T ′, X + iY ′, Z ′))∆−2
φPoincare0 (T + T
′, X + iY ′) (17)
We’ll obtain the generalization of this result to higher-dimensional AdS in
the next subsection.
2.3 de Sitter continuation
Having seen that we need to analytically continue the boundary spatial co-
ordinates to complex values in order to obtain a smearing function with
compact support, we will now begin by Wick rotating the Poincare´ longitu-






dZ2 − dT 2 − |dY |2) .
This is nothing but de Sitter space written in flat Friedmann-Robertson-
Walker (FRW) coordinates, with Z playing the role of conformal time (note
the flip in signature). The AdS boundary becomes the past boundary of de
Sitter space. Up to a divergent conformal factor the induced metric on the
past boundary is
ds2bdy = dT
2 + |dY |2
i.e. a plane Rd which should be thought of as compactified to a sphere Sd by
adding a point at infinity. The Penrose diagram is shown in Fig. 1.
In de Sitter space it’s clear that the field at any point inside the Poincare´
patch can be expressed in terms of data on a compact region of the past
boundary.3 With this motivation we will construct a retarded Green’s func-
tion in de Sitter space and use it to reproduce and generalize the smearing
function (16) that we previously obtained from a Poincare´ mode sum.









Figure 1: The Penrose diagram for de Sitter space. Flat FRW coordinates
cover the lower triangle. Horizontal slices are spheres. Each point on the
diagram represents an Sd−1 which shrinks to a point at the north and south
poles (the right and left edges of the diagram).
The de Sitter invariant distance function is
σ(T, Y, Z|T ′, Y ′, Z ′) = 1
2ZZ ′
(
Z2 + Z ′2 − (T − T ′)2 − |Y − Y ′|2) .
We consider a scalar field of mass m in de Sitter space. For now we take
m2R2 > 1, however later we will analytically continue m2 → −m2. The
analytically continued mass can be identified with the mass of a field in AdS
(note that the Wick rotation flips the signature of the metric).
The field at some bulk point can be written in terms of the retarded
Green’s function. The retarded Green’s function coincides with the imaginary
part of the commutator inside the past light-cone of the future point and
vanishes outside this region. The field at some bulk point is therefore







Gret(T, Y, Z|T ′, Y ′, Z ′)←→∂Z′φ(T ′, Y ′, Z ′)
(18)
where the region of integration is over a spacelike surface of fixed Z ′ inside
the past light-cone of the bulk point. In the Z ′ → 0 limit this becomes the
disk
(T − T ′)2 + |Y − Y ′|2 < Z2 . (19)
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As Z ′ → 0 (with other coordinates held fixed) the retarded Green’s function
takes the form [20]
Gret ∼ iR−d+1
(














































The boundary field is defined as usual using (7). Choosing normalizable
modes from the AdS viewpoint corresponds to taking only positive frequen-





Evaluating (18) as Z ′ → 0 we obtain the smearing function4






πd/2 Γ(∆− d+ 1)
(
Z2 − (T − T ′)2 − |Y − Y ′|2
Z
)∆−d
θ(Z2 − (T − T ′)2 − |Y − Y ′|2) . (20)








ically continuing m2 → −m2 we can take ∆ to coincide with the conformal
dimension in AdS. Since σ > 0 in the domain of integration this analytic
continuation is straightforward. Furthermore we can shift iY → X + iY and
iY ′ → X+iY ′, assuming φPoincare0 is analytic everywhere in the strip |Y | < Z;














Z2 − T ′2 − |Y ′|2
Z
)∆−d
φPoincare0 (T + T
′, X + iY ′) (21)







This matches (16) for d = 2. As a further check we can examine the limit
Z → 0 where we should recover (7). In this limit the region of integration
becomes very small so we can bring the boundary field out of the integral
and we indeed recover (7).
2.4 Recovering bulk correlators
In this section we show that the smearing functions we have constructed can
be used to reproduce bulk correlation functions. As a corollary, this shows
that the operators we have defined will commute with each other at bulk
spacelike separation. For simplicity we will only treat the case of a massless
field in AdS3.
The Wightman function for a massless scalar in AdS3 is
G(x|x′) = 〈0|φ(x)φ(x′)|0〉SUGRA = 1
4πR
1√
σ2 − 1 (σ +√σ2 − 1 ) (22)
where σ is defined in (5), and where branch cuts are handled with a T → T−iǫ
prescription.5 We’ll consider the correlation function between an arbitrary
bulk point (T,X, Z) and a point near the boundary with coordinates (T ′ =
0, X ′ = 0, Z ′ → 0). Taking the appropriate limit of (22) we have




(T 2 −X2 − Z2)2 . (23)







dT ′dY ′φPoincare0 (T + T
′, X + iY ′) . (24)
Also by sending both points to the boundary in (22) we have the boundary
correlator6




(T 2 −X2)2 . (25)
5This Wightman function identifies |0〉 as the Poincare´ vacuum state.
6We obtained this from a boundary correlator in supergravity, but the result matches
the correlator of local operators in the CFT.
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(T + T ′)2 − (X + iY ′)2)2 (26)
Let’s begin by studying this in the regime
|T +X| > Z and |T −X| > Z . (27)
In this regime there are no poles in the range of integration, so (26) is well-
defined without having to give a prescription for dealing with light-cone sin-
gularities in the CFT. It’s convenient to work in polar coordinates, setting











(T +X + rz)2(z(T −X) + r)2 (28)






T 2 −X2 + r2




(T 2 −X2 − Z2)2 (29)
as promised.
Now let’s return to the question of dealing with light-cone singularities
in the CFT. That is, let’s ask how we can analytically continue this result
outside the range (27). In general the integrand in (28) has two double poles,
located at
z = z1 = − r




In the range (27) we see that the contour always encircles the pole at z1 and
never encircles the pole at z2. When we try to go outside this range one of the
poles crosses the integration contour |z| = 1. So to analytically continue the
calculation outside the range (27) we merely have to deform the z contour
of integration so that it continues to encircle the pole at z1 and exclude the
pole at z2.
One might ask how one can distinguish the two poles in general. Recall
that the boundary CFT correlator is defined with a T → T − iǫ prescription.
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This means the poles are displaced to7
z1 = − r
T −X − iǫ z2 = −
T +X
r
+ iǫ . (31)
We see that z1 is always in the lower half plane while z2 is always in the
upper half plane. So the general prescription is to only encircle the pole
in the lower half plane. The iǫ prescription makes the z contour integral
well-defined, since the poles never collide. It also makes the integral over r
well-defined, since the poles in r are displaced off the real axis.
This lets us see how the bulk light-cone singularity emerges from the CFT.
Let’s perform the z integral in (28) first, followed by the r integral. The two
poles pinch the z contour of integration when r2 = r20 ≡ (T − iǫ)2−X2. Thus
the integral over z has a pole when r = ±r0. When one of these singularities
in the complex r plane hits the r = Z endpoint of the contour for integrating
over r, the integral over r diverges. This reproduces the bulk light-cone
singularity at T 2 −X2 = Z2, regulated by the appropriate iǫ prescription.
Since our smeared operators have the correct 2-point functions, it follows
that at infinite N they commute as operators in the CFT whenever the bulk
points are spacelike separated. This relies on the fact that at infinite N the
commutator is a c-number, and one can check that it vanishes at bulk space-
like separation by computing a correlator 〈ψ|O1O2 − O2O1|ψ〉 in any state
of the CFT. However at finite N the commutator becomes an operator. The
delicate cancellations which occurred at infinite N become state-dependent
and are no longer possible in general. Thus we do not necessarily expect the
commutator to vanish at bulk spacelike separation. We discuss this point
further in section 6.
3 AdS3 in Rindler coordinates
We now specialize to AdS3. This is a particularly interesting example, since
the BTZ black hole can be constructed as a quotient of AdS3 [21]. After some
preliminaries we discuss AdS3 in accelerating Rindler-like coordinates. We
show that our Poincare´ results can be translated into accelerating coordinates





Figure 2: A slice of constant φ in AdS3, drawn as an AdS2 Penrose diagram.
The four Rindler wedges are separated by horizons at r = r+.
and, with the help of an antipodal map, can be used to describe local bulk
operators inside the Rindler horizon.
3.1 Preliminaries
AdS3 can be realized as the universal cover of a hyperboloid
− U2 − V 2 +X2 + Y 2 = −R2 (32)
inside R2,2 with metric ds2 = −dU2 − dV 2 + dX2 + dY 2. To describe this in
12

































dr2 + r2dφ2 . (34)
Here −∞ < t, φ < ∞ and r+ < r < ∞. The Rindler horizon is located at
r = r+. These coordinates cover the right Rindler wedge of AdS3 as shown





























with 0 < r < r+. One can extend these coordinates to the (left, past) wedges
by starting from the (right, future) definitions and changing the signs of V
and X. It will frequently be convenient to work with rescaled coordinates
tˆ = r+t/R
2 φˆ = r+φ/R .
An AdS-invariant distance function is provided by





in terms of the embedding coordinates Xµ = Xµ(x). For two points in the




































3.2 Rindler smearing functions
We could set about constructing a smearing function starting from a Rindler
mode sum. For points outside the Rindler horizon this was carried out in [12],
while for points inside the horizon we set up but do not evaluate the mode
sum in appendix A. However the Rindler mode sum is divergent and must be
defined by analytic continuation in tˆ and/or φˆ. The divergence means there
is no smearing function with support on real values of the Rindler boundary
coordinates.
A simpler approach to constructing the Rindler smearing function is to
begin with our Poincare´ result (16) and translate it into Rindler coordinates.
The translation is easiest to understand in de Sitter space. Wick rotating







dr2 − (r2 − r2+)dtˆ2 − r2dy2
]
.
This is de Sitter space in static coordinates. To avoid a conical singularity
at r = 0 we must periodically identify y ∼ y + 2π. The right Rindler wedge
becomes the past wedge of de Sitter space, as shown in Fig. 3. The induced
metric on the past boundary is, up to a divergent conformal factor,
ds2bdy = dtˆ
2 + dy2 −∞ < tˆ <∞ , y ∼ y + 2π
i.e. an infinite cylinder which can be compactified to a sphere by adding the
north and south poles. This sphere can be identified with the past bound-




r = 0r = 0
S
r =
Figure 3: de Sitter space in static coordinates.
any observer inside the past wedge of de Sitter space can at most see one
hemisphere of the past boundary, namely the region characterized by
−∞ < tˆ <∞ − π/2 < y < π/2 .
For a point inside the past wedge of de Sitter we can construct a retarded
Green’s function that lets us express the value of the field in terms of data on
the past boundary. In AdS this means we can express the value of the field
anywhere in the right Rindler wedge in terms of a data on the right Rindler
boundary. In fact the result is a simple translation of our Poincare´ result
(16). We define the right boundary field in Rindler coordinates by






This is related to the Poincare´ boundary field by
φRindler ,R0 (tˆ, φˆ) = lim
r→∞
(rZ)∆φPoincare0 (T,X) . (39)








Making these substitutions in (16), the value of the field at a bulk point
inside the right Rindler wedge of AdS3 is







(σ/r′)∆−2φRindler ,R0 (tˆ+ x, φˆ+ iy)
(41)
where as r′ →∞ the AdS invariant distance (36) becomes














and the integration is over “spacelike separated” points on the Wick rotated
boundary, that is, over real values of (x, y) such that σ > 0.
The result (41) for bulk points in the right Rindler wedge was obtained
in [12], starting from a Rindler mode sum and defining it via an analytic
continuation, or alternatively from a de Sitter Green’s function. Now let’s
ask what happens for bulk points inside the Rindler horizon. It’s clear from
Fig. 2 that, if we were willing to work in Poincare´ coordinates, there would be
no problem: we could use (16) to obtain a smearing function with compact
support on the Poincare´ boundary. However if we wish to work in Rindler
coordinates there is a problem: the smearing function extends outside the
Rindler wedge, and covers points on the (real slice of) the boundary which
are to the future of the right Rindler patch.8
To fix this we can use the antipodal map.9 The antipodal map acts on
the embedding coordinates of section 3.1 by
A : Xµ → −Xµ . (43)
In terms of Rindler coordinates this can be realized by
A : tˆ→ tˆ+ iπ, φˆ→ φˆ+ iπ . (44)
Note that σ(x|Ax′) = −σ(x|x′). Fields with integer conformal dimension
transform simply under the antipodal map,
φ(Ax) = (−1)∆φ(x) . (45)
8This is easiest to see by considering a bulk point in the future wedge of Fig. 2 and
following light rays to the right boundary.
9Exactly the same procedure applies to AdS2 in Rindler coordinates [11]. An alternate
procedure would be to analytically continue outside the strip −π/2 < y < π/2.
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This is discussed in appendix B, where we also treat the slightly more involved
case of non-integer ∆.
In Rindler coordinates the antipodal map can be used to move the part
of the smearing function which extends outside the right Rindler wedge over
to the left boundary. To see this one starts with the Poincare´ result (16) and
breaks the integration region up into two pieces. One piece gives a smearing
function in the right Rindler wedge, while under the antipodal map the other
piece becomes a smearing function in the left Rindler wedge. Thus for a bulk
point inside the Rindler horizon we have













(−σ/r′)∆−2(−1)∆φRindler ,L0 (tˆ+ x, φˆ+ iy)
]
. (46)
Here as r′ →∞ the AdS invariant distance (35) becomes


















Rindler wedge. The integration is
over points with σ > 0 on the right boundary and points with σ < 0 on the
left boundary, and we define






3.3 Reproducing bulk correlators
It is instructive to check that the Rindler smearing functions we have con-
structed let us recover the correct bulk two-point functions from the CFT,10
especially for points inside the Rindler horizon. Clearly of special importance
is the point r = 0, where the Rindler coordinates become singular. So in this
section we show how this works for a point located at r = 0 and a point near
the right boundary.
10This was done in section 2.4 for Poincare´ coordinates.
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The AdS Wightman function is







σ2 − 1)∆−1 .
(49)
Here |0〉 is the global or AdS-invariant vacuum state. Branch cuts are handled
with a τ → τ − iǫ prescription, or equivalently σ → σ + iǫ sin(τ − τ ′), where
τ is the global time coordinate defined in appendix B.11 We consider a point
near the origin of Rindler coordinates (t = 0, r = r0, φ = 0), and a point
near the right boundary with coordinates (t, r, φ). As r0 → 0 and r → ∞






cosh φˆ+ sinh tˆ
)
.
Thus the AdS correlator approaches a finite, φˆ-independent value as r0 → 0




2r sinh tˆ+ iǫ
)∆
. (50)
The fact that the correlator is independent of φˆ reflects the fact that r = 0
is a fixed point of the isometry φˆ→ φˆ+ const.
Now let’s see how this behavior is reproduced by the CFT. We’ll work
with a field of integer conformal dimension. At tˆ = r = φˆ = 0 the smearing
function (46) reduces to










φRindler ,R0 (x, iy) + (−1)∆φRindler ,L0 (x, iy)
)
(51)
while as r →∞ the smearing function (41) reduces to
φ(tˆ, r, φˆ) ≈ r−∆φRindler ,R0 (tˆ, φˆ) . (52)









φRindler ,R0 (x, iy) + (−1)∆φRindler ,L0 (x, iy)
)




11For points inside the Poincare´ patch this is equivalent to T → T − iǫ.
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For convenience we’ll work in the regime
tˆ < 0, tˆ < φˆ < −tˆ . (54)
In this regime the smeared CFT operators are never lightlike separated, so
(53) is well defined without a prescription for dealing with lightcone singu-
larities in the CFT. The appropriate CFT correlators can be obtained from
(49) by sending the bulk points to the appropriate boundary12





cosh(φˆ− φˆ′)− cosh(tˆ− tˆ′ − iǫ)
)∆













































(z − etˆ−x)∆(z − e−(tˆ−x))∆ (56)
In the last line we set z = eφˆ−iy. In the regime (54) the z contour of in-
tegration always encircles the pole at etˆ−x and never encircles the pole at
e−(tˆ−x). To analytically continue outside (54) we proceed as in section 2.4
and deform the contour of integration so that it continues to encircle the
appropriate pole. This continuation gives an integral that is independent of
φˆ, and in this way the smearing function (51) captures the fact that r = 0
is a fixed point of the isometry φ→ φ+ const. It’s entertaining to push the
12We obtained these expressions as boundary supergravity correlators, but the same
result holds for correlation functions in a finite temperature CFT.
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calculation a little further and show that the CFT exactly reproduces the
bulk correlator. Just to be concrete, let’s set ∆ = 2. Then evaluating the

















in agreement with (50) for ∆ = 2. The result is also valid outside the range
(54) using the analytic continuation described above.
4 BTZ black hole
To make a BTZ black hole starting from AdS3 all we have to do is periodically
identify the φ coordinate, φ ∼ φ + 2π [21, 22]. Scalar fields on AdS3 will
descend to scalar fields on BTZ provided they satisfy φ(t, r, φ) = φ(t, r, φ +
2π). The global AdS vacuum descends to the Hartle-Hawking vacuum state
in BTZ.
In this construction we are identifying points separated by real values of
the φ coordinate. Since the Rindler smearing functions we have constructed
are translation invariant in φ, and since they only involve integration over the
imaginary part of φ, we can apply our Rindler results to a BTZ black hole
without modification. That is, (41) and (46) can be used to represent bulk
fields in a BTZ spacetime; if the boundary field has the correct periodicity
then so will the bulk field. This shows quite explicitly that we can recover
local physics outside the BTZ horizon using operators that act on a single
copy of the CFT, while to describe the region inside the horizon we must use
operators that act on both the CFT and its thermofield double [11, 14, 15,
16, 23].
The BTZ black hole has a spacelike singularity at r = 0, which has been
studied from the CFT point of view in [15, 16, 17, 19].13 In the semiclassical
limit that we are considering this singularity should be encoded in the CFT.
We are now in a position to see this directly, by studying bulk correlators
with one point close to the singularity.
13The singularity is an analytic continuation of one of conical type. The curvature
remains constant near the singularity.
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GAdS(t, r, φ|t′, r′, φ′ + 2πn) . (58)
This diverges when r = 0, just because r = 0 is a fixed point of the isom-
etry of shifting φ by a constant: when r = 0 the invariant distance (37) is
independent of φ′ and the image sum diverges. To estimate the divergence,
note that for small r0 the BTZ image sum is cut off at |n| ≈ 12π log(r+/r0).
This means the BTZ Wightman function diverges logarithmically near the
singularity









as r0 → 0 .
How does this divergence arise from the CFT viewpoint? All we have to
do is replace the AdS boundary correlators with BTZ boundary correlators in
(53).14 Boundary correlators in the BTZ geometry can be obtained from (55)
by performing an image sum to make them 2π periodic in φ [26]. However
as we have seen (53) gives a result that is independent of φ. Therefore
substituting BTZ boundary correlators in (53) leads to a divergent image
sum. So the divergence is present in the CFT computation of the correlator,
for the same reason it was present in the bulk.
Now let’s make some comments on the interpretation of this divergence.





2(σ − 1) as σ → 1 . (59)
Generically as two points coincide in BTZ their correlator diverges in exactly
the same way, because only one term in the image sum (58) will have a
singularity. However if we place one point at the BTZ singularity then GBTZ
diverges no matter where the other point is located. This is because r = 0
is a fixed point of the orbifold symmetry and the symmetry operation is of
infinite order.
14As written, (53) is only valid in the range (54). To extend it outside this range we
must analytically continue in φ, as discussed at the end of section 3.3.
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We can use the coefficient of the singularity (59) as a definition of the norm
of these operators. For generic points the norm is finite, however the norm
diverges for the operator at the fixed point. One way to see this is by using
a point splitting regularization and considering limǫ→0GBTZ(0, 0, 0|ǫr, ǫφ, ǫt).
The invariant distance is independent of the coordinate separation in the φ
direction if one point lies at r = 0, so GBTZ(0, 0, 0|ǫr, ǫφ, ǫt) diverges even at
finite ǫ. Thus the operator φ|r=0 has infinite norm.
In the CFT we interpret the operator (51) dual to φ|r=0 exactly as in the
bulk. It is a non-normalizable operator which has divergent correlators with
all operators of interest. This is how a well-behaved conformal field theory
gives rise to a divergent correlation function: through the introduction of a
non-normalizable operator.
5 Collapse geometries
As we have seen, it is possible to probe the region inside the horizon of a BTZ
black hole using operators that act on both the left and right copies of the
CFT. A similar result should hold for a general eternal AdS-Schwarzschild
black hole. However in the more physical case of a black hole formed in
collapse there is only a single asymptotic AdS region, and one might ask:
can the region inside the horizon be described using the single copy of the
CFT?
For simplicity let’s work in AdS3 and consider a large (stable) black hole
formed by sending in a null shell from the boundary. The Penrose diagram
is shown in Fig. 4. Consider a bulk point P inside the horizon and to the
future of the shell. Can an operator inserted at that point be described in
the CFT?
The answer is yes, and for fields with integer conformal dimension the
explicit construction is quite simple. As can be seen from the global mode
expansion given in appendix B, fields with integer conformal dimension are
single-valued on the AdS hyperboloid (periodic in global time with period
2π). Note from (33) that continuing tˆ → tˆ + iπ has the effect of changing
the sign of two of the embedding coordinates, namely
V → −V X → −X .
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QP
Figure 4: An AdS black hole formed by collapse. The left edge of the diagram
is the origin of AdS, the right edge is the AdS boundary. The dashed line
is the black hole horizon while the solid diagonal line represents the infalling
shell.
Thus for integer conformal dimension the boundary fields in the left and right
Rindler wedges are related by
φRindler ,L0 (tˆ, φˆ) = φ
Rindler ,R
0 (tˆ+ iπ, φˆ) . (60)
(This relation was also used in [14]). The collapse geometry can be made by
taking the right and future regions of an eternal BTZ black hole and joining
them across the shell to a piece of AdS3. For points to the future of the
shell we can, by analytic continuation, pretend that we are in an eternal
BTZ geometry. We can therefore use the relation (60) in our BTZ smearing
function (46) to represent bulk operators that are located inside the horizon.
This shows that we can represent a bulk point inside the horizon in terms
of a single CFT, provided we analytically continue in both the tˆ and φˆ coor-
dinates. Our explicit construction works for points that are to the future of
the infalling shell. One could also ask about representing bulk points inside
the shell, such as the point Q in Fig. 4. This is indeed possible, although the
construction is more complicated since one must propagate modes across the
shell [27].
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6 Comments on finite N
We have seen that in the semiclassical limit one can construct local operators
anywhere in the bulk of AdS. However at finite N , when the Planck length
is finite, holography demands that the number of independent degrees of
freedom inside a volume is finite, bounded by the area of the region in Planck
units. In this section we attempt to understand how this comes about.
The smeared operators we have constructed in the CFT are still well-




dT ′d3X ′K(T ′, X ′|T,X, Z) TrF 2(T ′, X ′) (61)
at any N . At finite N it does not obey the correct bulk dilaton equation
of motion [6]. However it is a perfectly good operator in the gauge theory,
and it has the right behavior in the large-N limit to be associated with
a particular point in the bulk. So as a first step, it seems reasonable to
associate Φ(T,X, Z) with a point in the bulk, even at finite N . Since the
bulk point was arbitrary, this means we can associate an infinite number of
local operators with any given region in the bulk.
How can this continuum of operators be compatible with holography? We
believe the answer is that only a few of these operators will commute with
each other at finite N . At infinite N we managed to construct smeared oper-
ators in the CFT which commute with each other even though the smearing
functions overlap on the boundary. We discussed this in section 2.4. But
at finite N it is very implausible that overlapping operators will commute.15
Let’s estimate how many commuting operators we do expect. If we take
a local CFT operator and smear it, it will trivially commute with another
smeared operator provided the two smearings are “spacelike” to each other:
that is, provided the two smearing functions have supports which only in-
volve points on the boundary that are at spacelike separation. In this case
the two smeared operators will commute with each other by locality of the
boundary theory. The condition for spacelike separation was studied in [11]
for AdS3 and is easily extended to any dimension. In Poincare´ coordinates,
15By overlapping operators we mean the smearing functions have support at timelike
relative separation.
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working on a hypersurface of fixed time, it boils down to the requirement that
the separation between any two bulk operators satisfies |∆X| > 2Z. Since
the necessary separation gets larger as Z increases, the maximum number of
commuting operators in a given region is achieved by placing them all at the
boundary of the region. For example, inside a bulk region
0 < Xi < L Z0 < Z <∞ i = 1 · · ·d− 1
the maximum number of trivially commuting operators is given when they
are evenly spaced along the boundary of the region, at Z = Z0, with a char-
acteristic coordinate spacing of order Z0. Thus according to this prescription
there are at most ∼ (L/Z0)d−1 trivially commuting operators one can build
in this region by smearing a single local operator in the CFT 16. This corre-
sponds to one commuting operator per AdS area (in units of the AdS radius
of curvature R). This is far too few degrees of freedom to describe a local
bulk field.
Turning back to the infinite number of operators described above, we
note that – although they do not all commute – their correlation functions
nonetheless look local up to 1/N corrections. The full set of operators can
therefore be used to describe bulk physics which is approximately local, at
least as far as correlation functions are concerned, as long as the 1/N correc-
tions can be ignored. However we would also like to understand the number
of independent degrees of freedom associated with these operators inside a
given volume. To this end we note that if one tries to place operators too close
together or in a state with large energy, their commutator may get a large
contribution from smeared operators corresponding to bulk excitations which
are outside the given spacetime volume. We should not associate such oper-
ators with independent degrees of freedom within the volume. Presumably
there is a finite maximal set of operators that mutually commute up to terms
that vanish as N →∞ and remain inside the given volume. Bekenstein-style
arguments [29] (made on the supergravity side) support this idea. It is this
set of operators which we argue counts the independent degrees of freedom
inside a volume.
Let us now consider all possible degrees of freedom within a given bulk
volume, rather than those associated with a particular supergravity field. For
concreteness, we will consider AdS5. We expect of orderN
2 independent local
16Thus the bulk region can be described by a boundary theory with a lattice spacing
∼ Z0. This is clearly closely related to the cutoff procedure introduced in [28].
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operators in the boundary theory. Therefore we should be able to construct
a basis of N2 mutually commuting operators as we did above for the trivially
commuting operators. This implies a total of N2 degrees of freedom per area
in AdS units. This matches perfectly with the relation l3Planck = R
3/N2 and
saturates the holographic bound.
7 Conclusions
In this paper we developed the representation of local operators in the bulk
of AdS in terms of non-local operators on the complexified boundary. We
showed that these non-local operators reproduce the correct bulk-to-bulk
correlation functions. In particular they reproduce the divergent correlators
of an operator inserted at the BTZ singularity. We commented on black
holes formed by collapse, and discussed the way in which bulk locality arises
in the large-N limit but breaks down at finite N .
There are a number of directions for future work. We have shown that in
the semiclassical limit the BTZ singularity is represented in the CFT through
the introduction of a non-normalizable operator. It would be interesting to
understand whether this is specific to BTZ or holds more generally. It would
also be interesting to understand how the singularity is modified at finite
N . Suppose one took the attitude that, even at finite N , the operator (51)
was a reasonable way to represent a bulk scalar field at r = 0. Could finite
N corrections to thermal correlators in the CFT modify the norm of this
operator and make it finite?
In section 6 we commented on the way in which the number of commuting
degrees of freedom is reduced at finite N . We also showed how bulk locality is
recovered in correlation functions in the large-N limit, despite the seemingly
low number of degrees of freedom (corresponding to a theory with a cutoff
∆X > Z): namely, through the presence of a continuum of bulk operators
whose commutators are O(1/N). Constructing a precise analog of smearing
functions at finite N and better understanding the analog of bulk spacetime
geometry is an important open problem.
For eternal black holes we found that local operators inside the horizon
are dual to operators which act on both copies of the CFT. In section 5 we
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showed that, at least in some cases, one could represent an operator inside
the horizon of a black hole formed by collapse in terms of a single CFT, by
using an operator which is analytically continued both in the spatial and
temporal coordinates of the CFT. These ideas will be further explored in
[27].
This leads to an interesting question, namely, whether there is an algo-
rithm for constructing smearing functions with compact support in a gen-
eral asymptotically AdS background. The smearing functions we have con-
structed in this paper can all be thought of as arising from a Wick rotation
of the boundary spatial coordinates. The Wick rotation generates an asymp-
totically de Sitter geometry, and the smearing functions can be understood
in terms of a retarded Green’s function in the Wick rotated geometry. But
what about asymptotically AdS spacetimes that cannot be Wick rotated?
One could still try to represent the smearing function as a mode sum, but
it is not clear that the smearing function will have compact support on the
(complexified) boundary. One way to address this issue would be to attempt
to find a procedure, purely within the CFT, for identifying a set of well-
behaved smearing functions. The only obvious condition to impose is that
in the semiclassical limit the smeared operators should commute at bulk
spacelike separation. Is that enough to uniquely determine the smearing
functions?
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A Rindler mode sum
In this appendix we set up the Rindler mode sum for a bulk point inside the
horizon. It’s convenient to introduce Kruskal coordinates on AdS3 in which
ds2 = − 4R
2
(1 + uv)2
dudv + r2dφ2 .


























in the future Rindler wedge; to cover the left and past wedges just change
the signs of both u and v. A complete set of normalizable modes in the right
Rindler wedge is given by




















where ω, k ∈ R, ωˆ± = 1
2
(ωˆ ± kˆ), ωˆ = ωR2/r+, kˆ = kR/r+. We can extend
this mode to the entire Kruskal diagram by analytically continuing across
the Rindler horizons. If we continue through the lower half of the complex
u and v planes we get a mode which is positive frequency with respect to
Kruskal time, while continuing through the upper half of the complex u and
v planes gives a negative frequency Kruskal mode.17 The analytic continua-
tion is straightforward, with the help of a z → 1 − z transformation of the
17Positive and negative frequency in the sense of multiplying annihilation and creation
operators in the expansion of the field. This prescription for selecting positive frequency


















































frequency Kruskal modes is given by
φ±R(t, r, φ) = e
−iωteikφfωk(r) (63)






φ±L(t, r, φ) = e
∓πωˆe−iωteikφfωk(r)
in the (right, future, left) Rindler wedges. This means we can express the
value of the field in the future wedge in terms of data on the right and left
boundaries, via



















(Recall that time is oriented oppositely on the two boundaries, so for t = 0
this expression is in fact symmetric between the right and left boundaries.)
Switching the order of integration and performing the ω and k integrals first
gives a formal representation of the Rindler smearing function, essentially
as the Fourier transform of gωk. However it is easy to check that gωk grows
exponentially as k → ±∞. So we are not justified in switching the order of
integration and the Fourier transform does not exist. One can presumably
make sense of the Rindler smearing function in this approach by deforming
the contours of integration as in [12]. For points inside the horizon this should
reproduce the result (46) we obtained from Poincare´ coordinates.
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B Non-integer ∆
In this appendix we work out the generalization of the Rindler smearing
function (46) appropriate for arbitrary conformal dimension.
We first need to discuss the generalization of the antipodal map. This is
easiest to understand in global coordinates, where the embedding coordinates
of section 3.1 are given by
U = R cos τ/ cos ρ
V = R sin τ/ cos ρ
X = R cos θ tan ρ
Y = R sin θ tan ρ




(−dτ 2 + dρ2 + sin2 ρdθ2) .
The antipodal map acts by
A : (τ, ρ, θ)→ (τ − π, ρ, θ + π) .
The global mode expansion is






−iωnlτeilθ sin|l| ρ cos∆ ρP (|l|,∆−1)n (cos 2ρ) + c.c.




frequency with respect to global time satisfy
φ±(x) = e∓iπ∆φ±(Ax) .
















e−iπ∆φRindler ,L0+ (tˆ+ x, φˆ+ iy) + e
iπ∆φRindler ,L0− (tˆ+ x, φˆ+ iy)
)]
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frequency with respect to global (equivalently, Kruskal) time.
These may in turn be expressed in terms of integrals involving φRindler ,L0 and
φRindler ,R0 over all time, as in appendix B of [11].
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